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Abet r a c t  

The problem of s o f t  landing on t h e  moon with the  addi t iona l  re- 

quirement t h a t  fuel consumption during the decelerat ion of the  

rocket should be minimized is  solved formally with the he lp  o f  

Lie aer iee .  A corresponding one-dimensional problem having no 

so lu t ion  i e  b r i e f l y  

1 . Introduction: 

reviewed. 

e f f o r t  t o  improve technology - general ly  

speaking a s  well as, i n  our case,  t he  technology of apace c r a f t  - 
has given rise t o  the concept of opt imizat ionj  optimum control  

systems a r e ,  therefore ,  gaining more and more importance i n  space 

f l i g h t .  Optimieatian may be , ca r r ied  out with respect t o  var ious 

parametera, as,  e.8.) time of f l i g h t  or consumption of propel lant .  
. .  

I n  t h i s  repor t ,  we s h a l l  consider the  problsm of s o f t  landing on 

the surface of the moon under the  addi t iona l  condition o f  mini- 

mizing the  fue l  needed t o  operate the  decelerat ing rockets.  The 

mathematical method of solving the Euler-Lagrangean equations o f  

t h s  optimiaation in t eg ra l  and the equation8 of motion appearing 

a s  the constraint  conditions is based’on the use of Lie-ser ies ;  

based on considerations by Groebner and h i e  oowortkers /1-30/ of 

the  Mathsmatica Department of ‘ the  Innsbruck University,  Lie ae r i e s  

. - .  

. .  

have proved t o  be an e f f i c i en t  t o o l  f o r  solving d i f f e r e n t i a l  equa- 

t i o n s  i n  the last  few years;  thsy have proved t h e i r  e f f i c i ency  i n  

t r e a t i n g  problems of c e l e e t i a l  mechanic8 /20/, / 2 9 / ,  r eac to r  theo- 
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r y  /22/, /23/ 

(as ,  e.g. ,  Hamilton-Jacobi t h e c r y ,  s t a b i l i t y  i n v e s t i g a t i o n  /2/  

and van d e r  P o l  e q u a t i o n s  /?I/ ) .  Another pape r  t o  be publ i shed  i n  

a e  we l l  as o t h e r  f i e l d s  of mathematical  phys i c s  

t h e  framework of t h i s  c o n t r a c t  d e a l s  w i th  t h e  a p p l i c a t i o n  o f  t h i s  

method t o  t h e  c a l c u l a t i o n  of  p a r t i c l e  o r b i t s  i n  c i r c u l a r  a c c e l e -  

r a t o r s  /3Z?/. - ..Optimization problems were f o r  t h e  f i r s t  t ime 

so lved  w i t h  the  h e l p  of L i e - s e r i e s  by Groebner /33/ and Dotzauer  

/34/; t h e  p re sen t  r e p o r t  i s  c l o s e l y  r e l a t e d  t o  t h e i r  cons ide ra -  

t i o n s .  - The equa t ions  used by u s  show an i n t i m a t e  resemblance 

t o  those  used by o t h e r  a u t h o r s  /35/. Before s t a t i n g  and fo rma l ly  

s o l v i n g  o u r  s p e c i f i c  problem we s h a l l  p r e s e n t  t h e  g e n e r a l  f o r -  

m a l i s m  based on c o n s i d e r a t i o n s  of / 33 / ,  /34/. 

2. General  Formalism; 

Let  p f u n c t i o n s  x i ( t )  ( i = l ,  .., p) s p e c i f y i n g ,  e . g . ,  

t h e  p o s i t i o n s  and momenta o f  a s p a c e c r a f t  and q f u n c t i o n s  

y j ( t )  ( j = l ,  ...,q) r e p r e s e n t i n g  c o n t r o l  f o r c e s  be g iven .  The 

e q u a t i o n s  t o  be solved are  of t h e  form 

x i = Gi(x,y) (i = 1 ,  ..., p)  ( 1 )  

They s e r v e  as t h e  c o n s t r a i n t  c o n d i t i o n s  supplementing t h e  equa- 

t i o n s  stemming from a minimiza t ion  of  t h e  i n t e g r a l :  
m 

To secu re  uniqueness ,  p i n i t i a l  o r  f i n a l  c o n d i t i o n s  of t h e  form 
~ 

. 



. 
xi(") = ai (5.1 

xi(T) t ci (3b )  

o r  

. .  
r e s p e c t i v e l y ,  must be given.  As w i l l  be shown bdOW, Lie s e r i e s  

formalism provides  a convenient method o f  t ransforming  f i n a l  

cond i t ions  t o  i n i t i a l  ones.  

B r i e f l y ,  we s h a l l  have t o  f i n d  t h e  2p + q f u n c t i o n s  

x i ( t ) ,  y j ( t )  and h K ( t )  - t h e  Lagrange m u l t i p l i c a t i o n s  - f r o m  

( 1 )  and t h e  p equa t ions :  . .  

a G .  aF 
1 + -  - 
K aXK 'i ax XK = - 

and t h e  q equa t ions :  

t o g e t h e r  wi th  boundary c o n d i t i o r s .  

( 4 )  

We s h a l l  now pass t o  t he  c a l c u l a t i o n  of  the  corresponding 

new i n i t i a l  c o n d i t i o n s  from t h e  f i n a l  c o n d i t i o n s ,  making use of 

Lis s e r i e s  formalism. Redefining our v a r i a b l e s  i n  a s t r a i g h t -  

forward way a p p r o p r i a t e  t o  obta in ing  L i s  s o l u t i o n s  o u r  system 

r e a d s  / l /:  

L e t ,  e .g. 2p + q - 1 i n i t i a l  cond i t ions  

. .  
.. . 
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rnd one f i n a l  c o n d i t i o n  

F(Z1, ....., Z ) n t = T  = 0 

be g iven .  The s o l u t i o n  of  t h i s  system i s  g iven  by: 

where t h e  D-operator i s  composed of t h e  r igh t -hands ides  o f  ( 6 )  

i n  t h e  well-known manner ( s e e ,  e.g. / I / ) .  Using t h e  well-known 

cornmutat i o n  theorem /1/, we have : 

The f u n c t i o n  6 def ined  i n  t h i s  way may be used  t o  r e e x p r e s s  t h e  

f i n a l  cond i t ion :  

t )  = 0 n-1 ’ A f (T; a l ,  .... a 

where i s  cons idered  v a r i a b l e  such t h a t  
J 

f =  b ’= zn(0)  

The i n i t i a l  cond’ition r e p r e s e n t i n g  t h e  f i n a l  c o n d i t i o n  r e a d s :  

where t h e  va lue  o f  StZT i s  connected wi th  b s L o  by 

TD. St=* = ( e  

w i t h  

a D, = G -  



- 5 -  

T h i s  s ta tement  (13)  i s  e a s i l y  proved a8 fo l lows:  

d i t h  
V 

D17 l,.Dl 7 P 0 

and 

zs w e l l  a8 

c 

( 1  7) 

we o b t a i n ,  u s ing  a g a i n  t h e  commutation theorem / l / :  

q.s . d .  

3. The Problem of S o f t  Landing on t h e  Surface  of t h e  Moon wi th  Fuel 

Optimizat ion.  

Our s p e c i f i c  problem t o  be so lved  by Lie  series formalism i s  

a two-body problem, i.8.) t h e  d e c e l e r a t e d  motion of a apacecraf't  i n  

the  neighbourhood of t h e  moon s u b j e c t  t o  t h e  c o n d i t i o n  of sof2 lan- 

d ing  (vtLT = 2-3 m/sec) as w e l l  as of minimum p r o p e l l a n t  consumption 

a u r i n g  t h e  a c t i o n  of t h e  d e c e l e r a t i n g  r o c k e t s .  The e q u a t i o n s  of  

motion t o  be employed read: 

- n 

V xv = v 



where m v ( t )  i s  the  mass of t h e  v e h i c l e ,  gV( t )  t h e  p o s i t i o n  o f  t h e  

v e h i c l e  i n  the  moon's coord ina te  sys tem,  v V i t s  v e l o c i t y ,  rv i t s  

d i s t a n e s  from the c e n t e r  of t h e  moon and y t h e  g r a v i t a t i o n a l  con- 

s t a n t .  i(t) i s  d e f i n e d  by: ' ' .  ' . 

a 

wi th  t h e  o p t i m i z a t i o n  i n t e g r a l :  

0 0 

where c i s  the cons t an t  exhaust  v e l o c i t y  o f  t h e  v e h i c l e .  

A d d i t i o n a l l y ,  t h e  fo l lowing  boundary c o n d i t i o n s  are t o  be sa t i s -  

f i e d :  

i f  we assume t h e  i n i t i a l  and f i n a l  p o i n t s  of t h e  v e h i c l e ' s  p a t h  

t o  be g iven .  

Rewri t ing ou r  e q u a t i o n s  t o  be so lved  w e  ob ta in :  
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2nd 

A 
i = 5 ,  (QY - = =5 

end 

such  t h a t  we have t o  so lve  six e q u a t i o n s  of t h e  type :  

xh ich  are supplemented by t h e  E u l e r i a n  e q u a t i o n s  stemming from 

t h e  o p t i m i z a t i o n  i n t e g r a l :  

aF a G i  

x K =  - E  i h i q  + a x ,  
-- a + -  a F  

a Y  j a y j  i d t  ay 

xhere i n  o u r  case: 

C 
F =  

( 4 )  

( 5 )  

..Inch. t h a t  (4) becomes 

e 
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- - - s i n c e  t h e  Gi( i = 1 ,2 ,3 )  are  o f  t h e  form G1 = x4' G2 = x5 '  G3 = x6 

and t h e  F a r e  independent  of xi. The e q u a t i o n s  ( 5 )  y i e l d :  

(j = 1 , 2 , 3 , 4 )  

such t h a t  we have 16 e q u a t i o n s  f o r  16 f u n c t i o n s  from which 1 2  

e q u a t i o n s  f o r  12 f u n c t i o n s  ( i . e .  , corresponding t o  the  number 

of boundary cond i t ions )  can be deduced by e l i m i n a t i o n .  The f i n a l  

c o n d i t i o n s  xv(T) = v(T) and xv(T) = xVT a r e  t r a n s f o r n e d  t o  i n i -  

t i a l  ones by the process  g i v e n  above. 

* 
A a A A 

It was n o t  p o s s i b l e  t o  c a r r y  out d e t a i l l e d  o r  numer ica l  

c z l c u l a t i o n s  s ince  NASA s topped  its f i n a n c i a l  c o n t r i b u t i o n .  

The one-dimensional problem of s o f t  l and ing  i s  t r e a t e d  i n  

nany papers  /36-41/. 
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